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I present the QCD short distance coefficient η3 of the ∆S = 2 hamiltonian in the next-to-leading order
(NLO) of renormalization group improved perturbation theory. Since now all QCD-factors η1, η2 and η3
are known with NLO accuracy, a much higher precision in the analysis of εK can be achieved. The CKM
phase δ, |Vtd| and the mass difference ∆mBs in the B
0
s−B
0
s-system are predicted from the measured values
of εK and ∆mBd . Finally I briefly look at the KL−KS -mass difference. This work has been done in
collaboration with Stefan Herrlich.
1. The |∆S|= 2-hamiltonian in the NLO
The low-energy hamiltonian inducing K0−K0 -mixing
reads:
H |∆S|=2 =
G2F
16pi2
M2W
[
λ2cη
⋆
1
m⋆ 2c
M2W
+λ2tη
⋆
2S(
m⋆ 2t
M2W
)
+2λcλtη
⋆
3S(
m⋆ 2c
M2W
,
m⋆ 2t
M2W
)
]
b(µ)QS2(µ) + h.c. (1)
HereGF is the Fermi constant,MW is the W boson mass,
λj = VjdV
∗
js comprises the CKM-factors and QS2 is the
local |∆S|= 2 four-quark operator
QS2 = (sjγµ(1− γ5)dj)(skγ
µ(1− γ5)dk) (2)
with j and k being colour indices. m⋆q = mq(mq), q =
c, t, are running quark masses in the MS scheme. The
Inami-Lim functions S(x), S(x, y) describe the |∆S|= 2-
transition amplitude in the absence of strong interaction.
The short distance QCD corrections are comprised in
the coefficients η1, η2 and η3 with a common factor b(µ)
split off. They are functions of the charm and top quark
masses and of the QCD scale parameter ΛQCD. Further
they depend on the definition of the quark masses used
in the Inami-Lim functions: In (1) the ηi’s are defined
with respect to MS masses m⋆q and are therefore marked
with a star.
With actual values of the input data the results of the
old leading log approximation read
η⋆LO1 ≈ 0.80 , η
⋆LO
2 ≈ 0.62 , η
⋆LO
3 ≈ 0.36 . (3)
Now the NLO values read:
η⋆1 = 1.32
+0.21
−0.23
, η⋆2 = 0.57
+0.00
−0.01
, η⋆3 = 0.47
+0.03
−0.04
, (4)
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where m⋆c = 1.3GeV and Λ
NLO
MS
= 0.310GeV has been
used. η2 and η3 are almost independent of the input
parameters.
The NLO calculation of η2 has been performed in [1] and
the NLO result for η1 can be found in [2]. η3 in (4) is
new. Details of the calculation are presented in [3]. A
phenomenological analysis using the NLO ηi’s has been
published in [4].
(3) and (4) clearly show the sizeable numerical effect of
the NLO correction. Further there are conceptual reasons
for going to the NLO:
i) The fundamental QCD scale parameter Λ
MS
cannot
be used in LO calculations.
ii) The quark mass dependence of the ηi’s is
not accurately reproduced by the LO expres-
sions. Especially the mt-dependent terms in η3 ·
S(m⋆ 2c /M
2
W ,m
⋆ 2
t /M
2
W ) belong to the NLO.
iii) Likewise the proper definition of the quark masses is
a NLO issue: One must go to the NLO to learn how
to use mt measured at FERMILAB in low energy
expressions such as (1). In NLO the MS mass m⋆t is
smaller than the pole mass mpolet by 8GeV. It has
been discussed at this conference to which definition
of mt the quoted CDF and D0 results for mt refer.
Presumably the measured quantity is mpolet .
iv) In the NLO the large LO error bars caused by renor-
malization scale dependences are reduced.
2. Phenomenology of εK
Let us first recall our present knowledge about the CKM
matrix VCKM : The precise measurements of |Vud| and
|Vus| also constrain |Vcd|, |Vcs| and |Vtb| via the unitarity
of VCKM . |Vcb| is expected to lie in the range
0.037 ≤ |Vcb| ≤ 0.043 (5)
After fixing |Vcb| unitarity likewise pins down |Vts|. We
will further need
0.06 ≤
|Vub|
|Vcb|
≤ 0.10. (6)
Yet even for fixed |Vcb| and |Vub/Vcb| the magnitude of
the remaining CKM element |Vtd| is a sensitive function
of the phase δ. Hence ∆mBd and |εK | provide comple-
mentary information on |Vtd|: The former determines this
element directly and the latter indirectly through δ.
Apart from |Vcb| and |Vub/Vcb| two other key parameters
are involved: The actual value mpolet = (180 ± 12)GeV
for the top quark pole mass corresponds to
160GeV ≤ m⋆t ≤ 184GeV. (7)
Finally the hadronic matrix element of QS2 in (2) is
parametrized as
〈K0|QS2(µ)|K
0〉 =
8
3
f2Km
2
KBK/b(µ).
We take
0.65 ≤ BK ≤ 0.85, (8)
which reflects the 1/Nc result as well as the ballpark of
the lattice determinations.
The uncertainties in the input parameters other than
|Vcb|, |Vub|/|Vcb|, mt and BK do not significantly affect
the analysis (see [4]). Using the LO ηi’s, however, im-
poses an error onto εK , which is roughly of the same
order as the one due to (5-8). The NLO shift in η3 af-
fects εK as much as pushing BK from 0.75 to 0.82. This
uncertainty has been neglected in most phenomenological
analyses.
After fixing three of the key parameters the measured
value for εK yields a lower bound at the fourth one. This
feature has been used in the pre-top era to constrain mt.
Yet today one should focus on the CKM elements instead.
The allowed range for (|Vcb|, |Vub/Vcb|) is shown in fig. 1.
Next δ is obtained from a simultaneous analysis of εK
and ∆mBd : For |Vub|/|Vcb| = 0.08, |Vcb| = 0.04,m
⋆
t =
172GeV, BK = 0.75 one finds the two solutions:
δlow = 85◦, δhigh = 121◦. (9)
They correspond to
|Vtd|
low
= 9.1 · 10−3, |Vtd|
high
= 10.7 · 10−3.(10)
Accounting for the errors (5-8) leads to
47◦ ≤ δ ≤ 135◦, 7.3 ≤ |Vtd| · 10
3 ≤ 11.9, (11)
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Figure 1: For each pair (m⋆t , BK) the measured value
for εK defines a curve. The points below the curve are
excluded. The rectangle limits the allowed range for |Vcb|
and |Vub/Vcb| obtained from tree-level b-decays according
to (5) and (6).
where the upper bounds stem from ∆mBd = (0.470 ±
0.0025) ps−1. Here FBd
√
BBd = (195±45)MeV has been
used.
The ratio ∆mBd/∆mBs is theoretically much better un-
derstood than the mass differences separately. We can
use the result (11) for |Vtd| to predict ∆mBs :
6.2 ps−1 ≤ ∆mBs ≤ 26 ps
−1. (12)
More details can be found in [4], where slightly different
values for mt and ∆mBd have been used.
3. The KL−KS -mass difference
In the 1980s it was generally believed that long distance
interactions make up more than half of the observed
KL−KS -mass difference. Today the picture has changed
due to the NLO enhancement of η1 and η3 and the larger
value for Λ
MS
, which pushes η1 further up. One finds
(∆mK)SD
(∆mK)exp
= 0.7± 0.2 (13)
exhibiting a short distance dominance. This is in agree-
ment with naive power counting: One expects the
long distance part to be suppressed with a factor of
(Λhad/mc)
2 compared to (13). Here Λhad is a hadronic
scale.
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